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Abstract By means of the auxiliary ordinary diﬀerential equation method, we have obtained
many solitary wave solutions, periodic wave solutions and variable separation solutions for the
(2+1)-dimensional KP equation. Using a mixed method, many exact solutions have been obtained.
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Soliton theory is one of the most important aspects
in nonlinearity, which is widely applied in many disci-
plines of natural sciences .1−3 The KdV equation plays
an important role in soliton theory and applications.4−6
The (2+1)-dimensional modiﬁed KP equation
(ut + 3αu
2ux + uxxx)x + uyy = 0, (1)
is an extension of the mKdV.7,8
ut + 3αuux + uxxx = 0. (2)
Using the traditional mapping methods, we have
obtained many exact traveling wave solutions for the
(2+1)-dimensional KP equation.9−11
Starting from the combination of the two methods,
new families of variable separation solutions with arbi-
trary functions for the (2+1)-dimensional KP equation
were derived.12−14
It was ﬁrst used to ﬁnd new explicit solutions with
the mixed method for the (2+1)-dimensional modi-
ﬁed KP equation.18 The method has also been ex-
tended to the case of other nonlinear partial diﬀerential
equations.19,20
First, by means of traditional methods, we can
obtain many solitary wave solutions for the (2+1)-
dimensional KP equation. The (2+1)-dimensional mod-
iﬁed KP equation is given by Eq. (1).
According to the traditional method, we perform
the following traveling wave transformation
u(x, y, t) = U(ξ), ξ = kx+ βy − λt, (3)
where k, β, λ, are arbitrary constants
U(ξ) =
n∑
i=0
aiφ
i(ξ). (4)
The variable φ(ξ) satisﬁes
(φ′(ξ))2 = c2φ(ξ)2 + c3φ(ξ)3 + c4φ(ξ)4, (5)
where c2, c3andc4 are arbitrary constants. Substitution
of Eqs. (3)–(5) into Eq. (1) yield
U ′′ +
β2 − kλ
k4
U +
α
k2
U3 = 0. (6)
a)Corresponding author. Email: wzq198662@sina.com.
By means of the balancing method, we obtain the fol-
lowing solutions
2a1c4 +
α
k2
a31 = 0,
3
2
a1c3 +
3α
k2
a0a
2
1 = 0,
a1c2 +
β2 − kλ
k4
a1 +
3α
k2
a20a1 = 0, (7)
β2 − kλ
k4
a0 +
α
k2
a30 = 0.
Solve the system of nonlinear algebraic equations
with Mathematica, where α is a arbitrary constant, we
have the following solutions.
(1) When Eq. (7) has the special solution
{a0 = 0, a1 = ±
√
−2c4k2/α, c2 = 0, c3 = 0}. (8)
Case 1 When c2 = 0, c3 = 0, c4 > 0.
Suppose k = 1, β = 1, λ = 1, α < 0, Eq. (4) has the
following solutions, namely
u1 =
√
−2k2
α
1
ξ
, (9)
u2 = −
√
−2k2
α
1
ξ
. (10)
Hence, when kλ = β2, u(ξ) is a special solution.
(2) When Eq. (7) has the following solutions
a0=0, a1=±
√
−2c4k2/α, c2=−(β2−kλ)/k4, c3=0.
(11)
Case 2 When c2 > 0, c4 > 0, α < 0, so β
2−kλ < 0,
Eq. (4) has the following solutions
u3 = ±
√
−2c4k2
α
csch2
√
c2
2
ξ
2
√
c2c4coth
√
c2
2
ξ
, (12)
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Fig. 1. Wave pattern of 2 + 1 modiﬁed KP equation for
solution u3 with α = −1, k = 1, β = 1, λ = 1.
u4 = ±
√
−2c4k2
α
4c2(cosh
√
c2ξ + sinh
√
c2ξ)
4c2c4 − (cosh√c2ξ + sinh√c2ξ)2 ,
(13)
u5=±
√
−2c4k2
α
2c22sech
√
c2ξ
c2(c2−c4)−c2(c2+c4)tanh√c2ξ ,
(14)
u6 = ±
√
−2c4k2
α
c2csch
√
c2
2
ξ
2
√
c2c4cosh
√
c2
2
ξ
, (15)
u7=±
√
−2c4k2
α
−c2+c2
(√
(R2+P 2)−P cosh√c2ξ
R+P sinh
√
c2ξ
)
−2√c2c4
√
(R2+P 2)−P cosh√c2ξ
R+P sinh
√
c2ξ
,
(16)
where P and R are arbitrary constants, P and R satisfy
P = 0, R = 0
u8 = ±
√
−2c4k2
α
c2sech
√
c2
2
ξ
2
√
c2c4sinh
√
c2
2
ξ
, (17)
u9=±
√
−2c4k2
α
−c2+c2
(√
(R2+P 2)+P sinh
√
c2ξ
R+P cosh
√
c2ξ
)
2
√
c2c4
√
(R2+P 2)−P sinh√c2ξ
R+P cosh
√
c2ξ
,
(18)
where P and R are arbitrary constants, P and R satisfy
P = 0, R = 0. Figure 1 shows that the plot of solution
u3 has a solitary wave structure when t ∈ (0, 1). x
axis represents the formula parameters (x + y), y axis
represents the scope of time t, and z axis says the answer
of u3 formula
Case 3 When c2 > 0, c
2
3 − 4c2c4 > 0, suppose α >
0, Eq. (4) has the following solutions
u10 =
√
−2c4k2
α
2c2sech
√
c2ξ√−4c2c4
, (19)
u11 =
√
−2c4k2
α
−2c2sech√c2ξ√−4c2c4
. (20)
Case 4 When c2 > 0, c
2
3 − 4c2c4 < 0, suppose α <
0, Eq. (4) has the following solutions
u12 =
√
−2c4k2
α
c2csch
√
c2ξ√
c2c4
, (21)
u13 =
√
−2c4k2
α
−c2csch√c2ξ√
c2c4
. (22)
Case 5 When c2 < 0, c
2
3 − 4c2c4 > 0, suppose α <
0, c4 = 1, β
2−kλ > 0, Eq. (4) has the following solutions
u14=±
√
−2c4k2
α
2c2sec
2
√−c2
2
ξ
2
√−4c2c4−
√−4c2c4 sec2
√−c2
2
ξ
,
(23)
u15=±
√
−2c4k2
α
2c2 sec
2
√−c2
2
ξ
−2√−4c2c4+
√−4c2c4 sec2
√−c2
2
ξ
.
(24)
Case 6 When c2 < 0, c4 > 0, suppose k = 1, λ =
1, β = 2, α < 0, so c4 satisﬁes c4 = 1, then Eq. (4) has
the following solutions
u16 = ±
√
−2c4k2
α
c2 sec
2
√−c2
2
ξ
2
√−c2c4 tan
√−c2
2
ξ
, (25)
u17 = ±
√
−2c4k2
α
c2 csc
2
√−c2
2
ξ
2
√−c2c4 cot
√−c2
2
ξ
, (26)
u18=±
√
−2c4k2
α
−c2(1+(tan
√−c2ξ±sec
√−c2ξ)2)
2
√−c2c4(tan
√−c2ξ±sec
√−c2ξ) ,
(27)
u19 = ±
√
−2c4k2
α
−c2 csc
√−c2
2
ξ
2
√−c2c4 cos
√−c2
2
ξ
, (28)
u20=±
√
−2c4k2
α
.
−c2+
(√−c2(P 2−R2)−P√−c2 cos√−c2ξ
R+P sin
√−c2ξ
)2
−2√c4
(√−c2(P 2−R2)− P√−c2 cos√−c2ξ
R+P sin
√−c2ξ
) ,
(29)
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where P and R are arbitrary constants, P and R satisfy
P = 0, R = 0
u21 = ±
√
−2c4k2
α
c2 sec
√−c2
2
ξ
2
√
c2c4 sin
√−c2
2
ξ
, (30)
u22 = ±
√
−2c4k2
α
·
−c2 +
(√−c2(P 2 −R2) + P√−c2 sin√−c2ξ
R+ P cos
√−c2ξ
)2
−2√c4
(√−c2(P 2 −R2) + P√−c2 sin√−c2ξ
R+ P cos
√−c2ξ
) ,
(31)
where P and R are arbitrary constants, P and R satisfy
P = 0, R = 0.
Case 7 When c2 < 0, c3 = 0, c4 > 0, suppose k =
1, λ = 1, β = 2, α < 0, c4 = 1, Eq. (4) has the following
solution
u23 = ±
√
−2c4k2
α
csc
√−c2ξ. (32)
The (2+1)-dimensional KP equation has been stud-
ied by using the auxiliary ordinary diﬀerential equa-
tion method. Exact solutions play an important role in
many scientiﬁc ﬁelds such as physics, plasma, nonlinear
optical ﬁber etc. Now, let us begin with transformation.
The (2+1)-dimensional modiﬁed KP equation was
given by Eq. (1). In what follows, we perform the fol-
lowing traveling wave transformation
u(x, y, t) = U(ξ), ξ = kx+ βy − λt, (33)
where k, β, λ are arbitrary constants.
U(ξ) = φ−1
n∑
i=0
aiφ
i(ξ), (34)
Here φ(ξ) satisﬁes
φ′ = μ+ φ2, (35)
where μ is a real parameter.
Substituting Eqs. (34) and (35) into Eq. (1), we have
U
′′
+
β2 − kλ
k4
U +
α
k2
U3 = 0.
By means of the balancing method, we obtain the fol-
lowing solutions
α
k2
a32 + 2a2 = 0,
α
k2
a1a
2
2 = 0,
3
α
k2
a21a2+2
α
k2
a1a
2
2+3
α
k2
a0a
2
2 +
2a2μ+
β2−kλ
k4
a2=0,
6
α
k2
a0a1a2 +
α
k2
a31 +
β2 − kλ
k4
a1 = 0, (36)
2a0μ+
β2 − kλ
k4
a0 + 3
α
k2
a0a
2
1 + 3
α
k2
a20a2 = 0,
3
α
k2
a20a1 = 0,
α
k2
a30 + 2a0μ
2 = 0.
Solve the system of nonlinear algebraic equations
with Mathematica, where α is a arbitrary constant, we
have the following solutions.
Case 8 Equation (36) has the solution
a0 = 0, a1 = 0, a
2
2 = −2k2/α, (37)
where α should satisfy α < 0.
From Eq. (37), we obtain the following equation
(kλ− β2)/k4 = 2μ, (38)
where k, λ and β should satisfy kλ = β2.
When μ > 0, α satisﬁes α < 0. Equation (34) has the
following solutions
u24 = a2
√
μ tan
√
μξ, (39)
u25 = −a2√μ cot√μξ. (40)
Case 9 When μ < 0 and kλ = β2, α satisﬁes α <
0, then Eq. (37) has the following solutions
u26 = −a2
√−μ tanh√−μξ, (41)
u27 = −a2
√−μ coth√−μξ. (42)
Case 10 When μ = 0 and kλ = β2, α satisﬁes
α < 0, then Eq. (37) has the solution in the form
u28 = −a2 1
ξ
. (43)
Case 11 Equation. (36) has the solution of
a20 = −2μ2k2/α, a1 = 0, a22 = −2k2/α, (44)
where α satisﬁes α < 0.
From Eq. (37), we obtain the following equation
(kλ− β2)/k4 = 4μ. (45)
When μ > 0 and kλ = β2, α satisﬁes α < 0, then
Eq. (37) has the following solutions
u29 = a0
1√
μ tan
√
μξ
+ a2
√
μ tan
√
μξ, (46)
u30 = −a0 1√
μ cot
√
μξ
− a2√μ cot√μξ. (47)
Figure 2 shows that the plot of solution u29 has a
wave structure, when t ∈ (0, 1).
When μ < 0 and kλ = β2, α satisfes α < 0, then
Eq. (37) has the following solutions
u31 = −a0 1√−μ tanh√−μξ − a2
√−μ tanh√−μξ,
(48)
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Fig. 2. Wave pattern of 2 + 1 modiﬁed KP equation for
solution u29 with α = −1, μ = 1, k = 1, β = 1, λ = 1
2
.
Fig. 3. Wave pattern of 2 + 1 modiﬁed KP equation for
solution u31 with α = −1, μ = −1, k = 1, β = 1, λ = 1
2
.
u32 = −a0 1√−μ coth√−μξ − a2
√−μ coth√−μξ.
(49)
Figure 3 shows that the plot of solution u31 has a
solitary wave structure, when t ∈ (0, 1).
Case 12 Equation (36) has the solution of
a20 = −2μ2k2/α, a1 = 0, a22 = 0, (50)
where α should satisfy α < 0.
From Eq. (37), we obtain the following equation
(kλ− β2)/k4 = 2μ. (51)
When μ > 0 and kλ = β2, α should satisfy α < 0, then
Eq. (37) has the following solutions
u33 = a0
1√
μ tan
√
μξ
, (52)
u34 = −a0 1√
μ cot
√
μξ
. (53)
When μ < 0 and kλ = β2, α should satisfy α < 0, then
Eq. (37) has the following solutions
u35 = −a0 1√−μ tanh√−μξ , (54)
u36 = −a0 1√−μ coth√−μξ . (55)
To our knowledge, exact solutions (40)∼(55) are new,
which have not yet been given in the literature. Based
on the extended method, abundant families of new exact
solutions of the (2+1)-dimensional modiﬁed KP equa-
tion can be given.
In summary, based on the new mixed method, we
have obtained some new exact solutions for some nonlin-
ear equations. Equations (40)∼(55) are new solutions.
Furthermore, we can also ﬁnd exact solutions for other
nonlinear equations in this way. So it is very eﬀective in
seeking exact solutions of nonlinear equtions by means
of the present combined method.
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